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1. Introduction

To form models of several real life problems mathematically, fixed point theory plays an important role,
which created its own glorious place in mathematics in the last 50 years. Geraghty [6] introduced auxiliary
functions and refined Banach contraction principle [3] in metric space in 1973, stated as:

“Let (X, d) be a complete metric space and T: X — X, 3: [0, ) — [0,1) satisfy

(D) Bwy) > 1= w, >0

(i) d(Tx, Ty) < B(d(x,y))d(x,y) forall x,y € X.

Then T has a unique fixed point.”

Branchiari introduced g.m.s. in 2000 [4] and from then several fixed point results have been developed in
this space.

In 2012, Samet et. al. [9] introduced o — yr contractive map and proved some generalized fixed point
results in metric spaces.

In 2014, Asadi et. al. [2] introduced generalized a — y-Geraghty contractive map and established fixed
point results in g.m.s.

In 2019, Suman and Biswas introduced [10] I-g.m.s. and proved some general fixed point results there.
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Here we shall further generalize this generalized o-{-Geraghty contraction, called, 1J-g a-{-Geraghty
contraction in I-g.m.s. and g.m.s., and establish a new fixed point theorem in I-g.m.s., and then get the
corresponding version of this fixed point theorem in g.m.s. by means of a corollary.

Jleli and Samet [7] introduced ©-contraction in g.m.s. in 2014, stated as:
“Let (X,d) be a g.m.s. A map T:X — X is said to be ®-contraction if 36 € Q, , 3,k € (0,1) such that
Vx,y € X,

d(Tx, Ty) > 0 = 0(d(Tx, Ty)) < [6(d(Tx, Ty))]k, where Q, , 5 is the class of the functions
0: (0, 0) — (1, =) satisfying

(©,) 6 is nondecreasing.

(©,) For each sequence {t,} in (0, Oo)'rl,i_r& o(ty) = 1iff rlanolo t, = 0.

8(t)-1

— 1

(03) Ar € (0,1),1 € (0, o] such that tli%n+

Ahmad et al. [1] replaced the condition (©3) by “(©,) 6 is continuous.” Q, ,, denotes the class of
functions satisfying (0,), (0,), (0,).

Cho [5] introduced L-contraction which unify many contractions including ®-contractions in g.m.s. in
2018 stated as:

“Let (X,d) beag.m.s. Amap T: X — X is said to be an L-contraction with respect to { € L if there exists
0 € Q,,, such that vx,y € X, d(Tx, Ty) > 0 = {[6(d(Tx, Ty)), 8(d(x,y))]| = 1, where L is the class of
functions Z: [1, ©0)? — R satisfying

(L)L) =1, (L) Yts) <3, Ves>1,

(L3) If {t,} and {s,} are two sequences in (1,) with t, < s, such that lim t, = rIILH.}O sp > 1 then

n—oo

himy e O(ty,s,) < 1.7

In 2020, Saleh H.N. et al. [8] introduced generalized L-contractions and proved fixed-point theorem in
g.m.s.

Here we shall further generalize this generalized £-contraction, called 1Jg-£-contraction in I-g.m.s. and
g.m.s., and establish a new fixed point theorem in I-g.m.s. Then we shall get the corresponding version of

this result in g.m.s. by means of a corollary.

2. Preliminaries
We recall some notations and definitions.
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“Definition(2.1) [Geraghty function] [6] A function 8 : [0, ) — [0,1) satisfying lim B(t,) =1 =
n—->oo
lim t, = 0, for all sequences {t,} of nonnegative real numbers, is called a Geraghty function. The class

n—,oo

of all Geraghty functions is denoted by F.”

“Definition(2.2) [y-function] A function i :[0,00) — [0,0) is called a -function if  is
nondecreasing, continuous and Vt € [0, o),y (t) = 0 iff t = 0. The class of all y-functions is denoted
by ¥.”

“Definition(2.3) [Triangular a-admissible function] [2] Let X be a nonempty set, T : X - X and «a :
X? - R. Then T is called triangular a-admissible if

Cx,yeX alx,y) 21= a(Tx,Ty) =1,

Cx,y,zeX,alx,z) 21l a(z,y)=21= alx,y) =1

“Definition(2.4) [g.m.s.] [4] For a nonempty set X and a map d: X% — [0, «), the order pair (X, d) is said
to be a generalized metric space (g.m.s. in short) if Vx,y,u,v € X with u # v, and u, v are distinct from
xX,Vy,

@M dx,y)=0=x=y

(gm2) d(x,y) = d(y,x)

(@m3)d(x,y) <d(x,u) +d(u,v) +d(v,y).”

“Definition(2.5) [generalized a-p-Geraghty contraction][2] Let (X,d) beag.ms.anda : X? > R. A
map T : X — X is called generalized a-y-Geraghty contraction if 38 € F such that Vx, y € X,

aCe, yp(d(Tx,Ty)) < B (W(M(x,)) ) w(M(x, y)), where M(x,y) =
max{d(x,y),d(x,Tx),d(y,Ty)}andyp € ¢.”

“Definition(2.6) [I-uniqueness] [10] Let X be a non-empty setand f: X — X be an idempotent map. Two
elements x, y of X are said to be I-unique with respect to f, or simply I-unique if fx = fy; otherwise x
and y are said to be I-distinct elements of X. ”

“Definition(2.7) [I-g.m.s.] [10]Let X be a non-empty set and f: X — X be an idempotent map. A map
d: X? - [0, ) is said to be an I-generalized metric on X if Vx,y,u, v € X with fu # fv, and u, v are I-
distinct from x, y,

(Igm1) d(x, fy) =0 & fx = fyand d(fx,y) = 0 & fx = fy.

(Igm2) d(x, fy) = d(y, fx) and d(fx,y) = d(fy,x)

(Igm3) d(x,y) < d(fx,u) + d(fu,v) +d(, fy).

The order triple (X, d, f) is called I-generalized metric space (I-g.m.s. in short).”

“Example(2.8) [10] Let X = A U B, where A = {0,2},
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B = {% tn € N}. Let f : X - X be an idempotent map. Define d : X2 — [0, ) by Vx,y € X, d(x,y) =
0, if fx=fy
1, if fx# fyand {fx,fy} c Aor{fx,fy} c B
fy if fx€A fy€B

fx, if fxeB,fyeA
Then (X,d, f) isan I-g.m.s.”

“Theorem(2.9) [10] Let (X, d, f) be an I-g.m.s. Then

(i) d(x,x) =0,Vx € X.

(i) d(x, fy) = d(fx,y) = d(fx, fy) = d(fy, fx) =2 d(x,y),d(y,x),Vx,y € X.
@ii) d(x, fx) =0,vx € X.”

“Definition(2.10) [10] A sequence {x,,} in an I-g.m.s. (X, d, f) is said to “I-converge” to a point x of X,
if for every € > 0,3m € N such that d(fx,,, x) < €,Vn > m.

A sequence which is not I-convergent in an I-g.m.s. (X, d, f) is called a non I-convergent or an I-divergent
sequence.”

“Definition(2.11) [10] A sequence {x,,} inan I-g.m.s. (X, d, f) is said to be an I-cauchy sequence in X if
corresponding to every e > 0,3n, € N such that d(fxm,, x,) < €,Ymn =n., i.e, d(fxnip xn) <
e,vyn=n,Vp =1

“Definition(2.12) [10] An I-g.m.s. (X, d, f) is said to be I-complete if every I-cauchy sequence in X |-
converges to some point of X; otherwise (X, d, f) is called I-incomplete.”

“Definition(2.13) [10] Let X be a nonempty set and f: X — X is an idempotent map. Amap h: X - X is
said to have an
I-fixed point x in X if (fh)x = fx.”

“Definition(2.14) [generalized £-contraction] [8] Let (X, d) be a Branciari metric spaceand T : X — X.
Then T is said to be a generalized L-contraction with respect to { € L if there exists 6 € 2,,, and a
constant L >0 such that for all x,y€X, d(Tx,Ty)>0 =¢ (H(d(Tx, Ty)),0(d(x,y) +

d(x,Tx)+d(y,Ty)} ss

LN (x, y))) > 1, where N(x,y) = min {d(x, Ty),d(y, Tx), >

“Theorem(2.15) [8] Let (X,d) be a complete g.m.s. and T: X — X. If T is a continuous generalized £L-
contraction map with respect to { € £, then it has a unique fixed point.”

3. Main results
Let us start with following definition.
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Definition(3.1) [1J-g a-p-Geraghty contraction] Let (X, d, f) be an I-g.m.s.,and a : X? - R. A map
T : X — X is called 1J-g a-y-Geraghty contraction, if there exists a Geraghty function § such that Vx,y €
X

a(fx, )P (d((FTx,Ty)) < B (w1 (M(fx,))) 2 (M(Fx, 7)), where 1,1y, 1, € ¥ and
M(x,y) = max{d(fx,y),d(fx,Tx),d(fy, Ty),d(fy, Tx),d(fy, T?x)}

Replacing the idempotent map f by the identity map Iy on X we shall get more generalization of
generalized a--Geraghty contraction in g.m.s., called J-g a-i-Geraghty contraction.

Definition(3.2) [Triangular l-a-admissible function] Let (X,d,f) be an I-gms., T: X - X and
a: X? - R. Then T is called triangular I-a-admissible if

@xyeXa(fx,y) =21= a((fT)x,Ty) = 1.

b)x,y,ze X, a(fx,z) =2 1,a(fy,z) =21 = a(fx,y) = 1.

Theorem(3.3) Let (X, d, f) be an I-complete I-g.m.s., a : X2 > Rand T : X — X satisfy
(i) T is an 1J-g a-y-Geraghty contraction map such that v, (t) < ¥ (t), vt > 0.
(i) T is triangular I-a-admissible.
(iii) There exists x, € X such that a(fx,, Tx,) = 1 and a(fx,, T?x,) = 1.
(iv) T is I-continuous.
Then T has an I-fixed point u in X and {T™x,} I-converges to u.
Proof: Let x, € X such that a(fx., Tx,) = 1 and a(fx., T?x,) = 1 (By (iii)). Let x,, = Tx;_,,Vk € N.
If fx, = fx,_, forsome k € N, then x,_, is an I-fixed point of T. Let fx; # fx,_1,Vk € N.
T is triangular l-a-admissible implies that a(fxy,x;) = a((fT)x.,Tx;) =1 and a(fxy,x3) =
a((fT)x, T?x;) > 1
(By (iii)).

Let a(fxg, xk41) = 1and a(fxg, Xi42) = 1.
Now a(fXp41, Xp42) = a((fT)xk'Txk+1) 21 and a(fxgq, Xpe3) = a((fT)xk'szk+1) =1 (By
(iii)).
Therefore by mathematical induction, a(fxy, xx+1) = 1 and a(fxy, xx4+2) = 1,Vk € N.

(1)
Since T is triangular I-a-admissible, from (1) we get a(fxg42, Xk13) = 1 and a(fxgi2, Xk44) = 1, VK €
N. 2
Since T is triangular I-a-admissible, from (1) and (2) we get a(fxy, xx43) = 1.
By induction, we shall get a(fxy, xx1,) = 1,Vk,p € N.

(©)
Now by (i) we get Y(d(fxx, Xx+1)) < a@(fxpe—1, X )W(A((FT)xpe—1, Tx)) <

B (1P1(M(ka—1: xk))) Yo (M (Fxg—1, 1))
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< Yo (M(fxk-1, 1))
4)
where M (fx_1,x;) =
max{max{d(fx,_1, %), d(fx_1, %), A(f X, Xies1), d(F i, x3), A(F X, X1 1)}
= max{d(fxx_1, x), d(f X, X 41)}-
®)
If M(fxp_1,x1) = d(fxg, Xi41), then from (4) we get
Y(d(F i xer1)) < P2(d(fxe, xpe1)) < Y(d(fxy, xk41)) (By (i), @ contradiction.
Therefore M (fxj_1, x;) = d(f X1, Xi)-
(6)
Now (6) implies that ¥(d (fxy, Xie+1)) < Y2(d(fxi—1, %)) BY (4)) < Y(d(fxi-1, %)) (By (i)).
= d(fxg, Xk+1) < d(fxg_1,x,),Vk € N (since € ¥)
()

Therefore the sequence {d(fx, xx+1)} is a decreasing sequence of nonnegative real numbers, so that it
converges to some r € [0,0). Let r > 0. Then from (4) we get

l/)(d(karxkﬂ))
lpz(M(ka_l,xk)) <k (lpl(M(ka—llxk))) <1

(f Xk Xk+1)
= peliten) <  (w(d(Fxi-0)) < 1

= iﬁiﬁﬁi’f"—xkiﬁ < B (2 (d(fries, 1)) ) < 1 (since P, (£) < (2, ¥t > 0).

= lim B (¥1(d(fxi-1,%1))) = 1(By continuity of 1)
= lim Y1(d(fxx_1, %)) = 0 (By property of g).
= 1, ( lim d(fxi-1,%)) = 0 (By continuity of ,).
= IEHZLO d(fxi_q,x,) = 0 (By property of i,).
= Iglﬂ}o d(fxg, Xg41) = 0. (8)
We claim that IQ% d(fxy, xi+2) = 0. By (i) and (1) we get
Y(d(fxi, Xpes2)) S @(f X1, X DW(A((FT)Xpe—1, TXk41))

<P (wl(M(ka—lka+1))) Vo (M(fxy—1,X41))

< ¢2(M(ka_1,xk+1)),vk €N

(9), where
M (fxk—1, Xk41) = max{d(fxx—1, Xx41), dF -1, X1), A(f X1 Xie2), A Xieq1, i), A(f X1, Xper 1)}
= max{d(fxi_1, Xr+1), A(fx_1, xx)} (since {d(fxy, xx4+1)} is decreasing).
(10)
From (9) we get Y(d(fxp, xk+2)) < Wa(M(fxpo1, Xr1)) < W(M(fxp-1,xk41))  (since P, (1) <
Y(t), vt > 0).
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Therefore d(fxy, xx42) < max{d(fxi_1, Xx+1), d(fxr_1, x,)} (By (10) and since vy is nondecreasing).
(11)
From (7) we get d(fxy, Xg+1) < d(fxg-1, %) < max{d(fxg—_1, Xi+1), d(fXx-1, %)} (By (11))
(12)
From (11) and (12) we get max{d (f xy, Xx+2), d(f xp, X 41)} < max{d(fxp 1, Xp41), d(fxp—1, X1) }.
Therefore the sequence {max{uy,vi}}, where w, = d(fxy, Xp+2), Vi = d(fxy, xp+1), Vk €N, is a
decreasing sequence of nonnegative real numbers so that it converges to some nonnegative real number
-
Therefore p = Iéim max{uy, v} = lgim u, (By (8)).
(13)
e, Iéim d(fxXg, X42) =D
(14)
Let p > 0. Then from (9) we get

V(AU xpxke2)) B (1/)1(M(ka_1,xk+1))) <1

¢2(M(ka—1,xk+1)) -
< B (w1 (M(Fx-1,3141)) ) < 1 (since p,(t) < W(t), vt > 0).

Y(d(fxpxks2))
w(M(ka—kaH)) -
s : , :

— M < Igirgzoﬁ (wl(M(ka_l,xk+1))) < 1 (since ¥ is continuous and by (13)).

Wl e

= lim B (1 (M (i1, %041)) ) = 1.
= lim 1, (M(fxk-1,%c+1)) = O(By property of j)

(15)
= 1, (p) = 0 (By continuity of ), a contradiction.
= p = 0 (By property of y,).
Therefore (14) becomes IEL_ZZLO d(fxg, Xx42) =0

(16)
Let for some m, k € Nwithm < k,x;, = x,,. Then x 11 = Txp = Txp, = Xpmgq-
Then  (using (7)) (A xm Xmen) = YA Xis1)) < Y(AF Aoy, 200)) < o <
Y(d(fxm, Xm+1)), @ contradiction.
Therefore x;, # x,,, Vm, k € N with m # k. We shall prove that {x,} is I-cauchy. If not, then there exists
€ > 0 such that
for every n € N,3Im,, k,, € N such that k,, is the smallest positive integer for which
k, =m, >nand d(fxmn,xkn) >€ a7
Then d(fxmn,xkn_l) <e€

(18)
Now € < d(fxmn,xkn) < d(fxmn,xkn_l) + d(kan_l,xkn_z) + d(kan_z,xkn)

<€+ d(fxp, -2 %k,-1) + d(Fxx, -2 %, ) (By (17)and (18)).
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= lim d(fxm,, xx,) = € (By (8) and (16)).
(19)
Again d(fxpm,, xx,) < d(fm,, Xiep+1) + A(f X1, Xiprz) + A(fXny120 Xk,
< d(fxmn;xkn) + d(kan;xknu) + d(kan+2'xkn+1) + d(kan+1'xkn+2) + d(kan+2rxkn)
= d(f Xy, Xie,) + 2d(f i) Xipr2) + 2d(fXicp a1, Xics2)
= €< lim d(fxm,, Xk, +1) < € (By (8),(16) and (19)).
Therefore lim d(fXm,, Xk, +1) = € (20)

Now d(fxpm,, %k, ) < d(fXm,, Xm,—2) + A(f%m,—2 Xm, 1) + A(fXm, 1, Xk, )

< d(fxmn,xmn_z) + d(fxmn_z,xmn_l) + d(fxmn_l,xmn_z) + d(fxmn_z,xmn) + d(fxmn,xkn)
= d(fxmn,xkn) + Zd(fxmn_z,xmn) + Zd(fxmn_z,xmn_l)

= €< lim d(fxm,-1,%k,) < € (By (8),(16) and (19)).

Therefore lim d(fxXm,-1,%k,) = € (21)
Finally, d(fXm, -1, Xk,) < d(fXmp-1, Xkp+1) + A(f X1 Xep2) + A(fXpep 420 X, )

< d(fXmp-1, Xk, ) + A(f iy Xipv2) + A(f X0 Xy 1) + A(fXpep 10 Xrepa2) + A(f X120 X, )

= d(fXmp—1,Xrey,) + 20 (f %) Xipa2) + 20 (f X410 Xy 42)

= e < limd(fxm,—1,%k,+1) < € (By (8),(16)and (21)).

n—-oo
Therefore lim d(fxp, -1, X, +1) = €
n—oo
(22)
Letx = xp _1,¥ = xi,,. Then by (i) we get

¥ (A(Fxmy 1)) < @m0, )0 (4 (P70, 50, )
B (91 (MCmy-1,%2,)) ) 2 (M (-1, 7,))- - (23)

Now (%m, -1, X)) =
max{d(fxm, -1, %k, ), d(FXm -1, %Xm, )» A(f Xk, Xic, +1)s A(f Xy X, ) AF Xk, X, 1) }- (24)

Now d(kan,xmnH) < d(kan,xkn+1) + d(kan+1,xmn) + d(fxmn,xmn+1).

= lim d(f Xk, Xm,+1) < € (BY (8), (20)).

Also, d(fxm,, %k, +1) < A(foXm,, Xm,+1) + A(fXm 41, %, ) + (X0, Xk, 41)

= €< lim d(fXmp+1 %x,) (BY (8), (20))

Therefore lim d(fxy,, X +1) = € (25)
n—->oo
Therefore from (24) we get lim M(xm, -1, xx,) = € (By (8),(21), (19),(25)).
n—0o
(26)

Therefore lim ¥, (M (%, -1, xx,)) = ¥,(€) (By continuity of 1,).
n—00
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( (f Xmp kn+1))
From (23) we get /="~y < B (l/h (M(xmn—l'xkn)» <1

— 2O < tim (1 (M(om, -1 2%,)) ) < 1 (By continuity of 5,14, and (26)).

=1= 322 < fz((fe)) < lim f (ll’l (M(xmn_l,xk ))) <1 (since Y, (t) < P(t), vt > 0).

= im 6 (1 (M(xmn_l,xkn))) -1

= limy, (M(xmn_l, xkn)) = 0 (By property of )
n—-o0o
= 1), (e) = 0 (By continuity of 1, and (26)), a contradiction.
Therefore {x, } is I-cauchy so that it I-converges to some point u € X (since X is I-complete).
Then léim d(fx,,u) = 0. Therefore ]gim d(fxgsq,u) = O,i.e.,lgim d((fT)x,u) =0,

i.e., the sequence {Tx;} I-converges to u. Since T is I-continuous and {x,} I-converges to u, hence {Tx; }
I-converges to Tu. Therefore (fT)u = fu. Therefore u is an I-fixed point of T in X. Also {T"x.} = {Tx,}
I-converges to u.

Corollary(3.4) Let (X, d) be a complete g.m.s., a : X?> > Rand T : X — X satisfying

(i) T is an J-g a-y-Geraghty contraction map such that i, (t) < ¥(t), vt > 0.

(i) T is triangular a-admissible.

(iii) There exists x, € X such that a(x,, Tx,) > 1 and a(x,, T?x,) > 1.

(iv) T is continuous.

Then T has a fixed point w in X and {T"x,} converges to u.

Proof: Replacing the idempotent map f by the identity map Iy on X in Theorem (3.3) we shall get the
result.

Now we shall further generalize the generalized £-contraction in I-g.m.s. and in g.m.s.

Definition(3.5) Let (X,d, f) beanl-gm.s.and T : X — X. Then T is said to be an IJg-£-contraction with
respectto { € L

if there exists 8, ¢ € 2, 5, and a constant A > 0 such that for all x,y € X,

d((fT)x,Ty) > 0 = ¢(6(d((fT)x, Ty)), ¢(d(fx,y) + AN(fx,y)(1 + M(fx,y)))) =1,  where
¢(t) <6(t),vt >0,

and N(fx,y) = min {d(fx, Ty), d(fy, Tx), P52 M(fx,y) =

2
max {d (fx,Ty),d(fy, Tx), d(fx,Tx)';d(fy,Ty)}.

Replacing the idempotent map f by the identity map Iy on X we shall get a further generalization of
generalized
L-contraction, called Jg-L£-contraction in g.m.s.
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“Theorem(3.6) Let (X,d, f) be an I-complete I-g.m.s. and T : X = X. If T is an I-continuous 1Jg-L£-
contraction map with respect to ¢ € £, then T has an I-unique I-fixed point in X.

Proof: Let x, € X be arbitrary and x,, = Tx,_,VYn € N. If fx,, = fx,,_, forsome n € N, then x,,_; is
an I-fixed point of T. Let fx,, # fx,_1,Vn € N. Since T is an 1Jg-£L-contraction with respect to ¢, and

d((fT)xn—l'Txn) = d(fxn»xn+1) >0,
we have 1 < {(H(d((fT)xn—lf Txn))’ ¢(d(fxn—1: xn) + AN(fxn—ll xn)(l + M(fxn—ll xn))))
¢(d(fxn_1,xn)+AN(fxn_1,xn)(1+M(fxn_1,xn)))

0(d(fxnxns1))

(By (£,) of definition of L-contraction).
1)
= Q(d(fxn'xn+1)) <¢ (d(fxn—pxn) + AN(fxn—pxn)(l + M(fxp_1, xn))) ,Vn € N,
2)
NOW N (X1, ) = min {d(FXn_1, Xns1), d(f 2, x), T2 M Ennel}

2
d(fxn-—1,Xn)+d(fXn,Xn+1)
and M(fxn—lixn) = max {d(fxn—l'xn+1): d(fxn'xn)’ e 2 s }
d(fxn—lfxn)+d(fxnrxn+1)}
2

= max {d(f X1, Xns1),

®3)
Therefore (2) becomes 6(d(fx,, xp41)) < ¢(d(Fxn_1, %)) < 0(d(fxp_1,%,)), Y1 € N,

(4)
= d(fxn, Xpne1) < d(fxp-1,%,),Vn € N (since 0 is nondecreasing)

()
Therefore {d(fx,, x,+1)} IS a decreasing sequence of nonnegative real numbers so that it converges to
some real
number r = 0. Let r > 0. Since 8 € (2, , 4, hence lim 0(d(fxy, xp41)) > 1

n—-oo

(6)

Now lim d(fx,, Xpeq) = limd(fx,_1,%,) =7 @)
n—-oo n—oo

By continuity of 8, from (6) we get 8(r) > 1.

(8)
Also from (6), (7) and continuity of 8, we get lim 6(d(fxp_1,%,)) = 0(r) > 1

n—->0oo

(9)
Therefore by third property of ¢ ((£3) of definition of £-contraction) we have
1< Tmyen (0(A(f X, Xe1)), 6(d(F X1, %)) ) < 1 (10), a
contradiction.
Therefore lim d(fx,, x,4+1) = 0. (12)

n—oo

Let x,,, = x,, for some m,n € N with m > n. Then Tx,,, = Tx,,i.e.,X;ms1 = Xn41. Therefore from (4)
we get
0(d(fxm xms1)) < 0(d(fxm—1,xm)) < -+ < 0(d(f 2, xn11)) = 0(d(fxm, xm+1)), @ contradiction.
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Therefore x,,, # x,, Ym,n € N with m # n. Now we shall show that {x,,} is I-cauchy. If not, then there
exists e > 0 for which there exists two subsequences {x,, } and {x,, } of {x,} such that n;, is the smallest
positive integer with
ny > my >k and d(fxm,, X, ) = €.

(12)
Then d(fxmk,xnk_l-) <efori=1,2.... , My

(13)
Now € < d(fxmk,xnk) < d(fxmk,xnk_z) + d(fxnk_z,xnk_l) + d(fxnk_l,xnk)

< e+ d(fan—2%n,-1) + d(fXn—1,%n,).
(14)

Taking limit as k — oo and using (11) we get
€< lim d(fxmy %n,) < €.
= ,ﬁﬂﬁ d(fxmk,xnk) =€

(15)
Again d(fxm,, xn, ) < d(f2mp Xm—1) + A(FXmp—1, Xny-1) + d(fXny -1, Xn,,)

< d(fxmk,xmk_l) + d(fxmk_l,xmk) + d(fxmk,xnk) + d(fxnk,xnk_l) +
d(fxnk_l,xnk)
= Zd(fxmk_l,xmk) + Zd(fxnk_l,xnk) + d(fxmk,xnk)

Taking limit as k — oo we get e < lim d(f%my—1, Xny—1) < €.
= lim A(fXmy-1,Xny-1) = € (16)
Since T is 1Jg-L-contraction, we have

1<¢ (9 (d ((fT)xmk_l, Txnk_1)) ) ()b(d(fxmk—l; xnk—l) + Bk)) < ;P((:((:;:;;f:’;;f;i;;

(By
property of {) (17), where
Bk = AN(fxmk—l' xnk—l)(l + M(fxmk—l'xnk—l))'

. a\ fxm;—1.Xm,, )+a\ fXn,—1.Xn .
Now N(fxmk—l’xnk—l) = min {d(fxmk_l’xnk)’d(fxnk—l:xmk), ( Xmp—1.X k)z ( Xnp—1.% k)}

(18)

M(fxmk—l; xnk—l) = max {d(fxmk_l’ xnk)’ d(fxnk—1, xmk)’ d(fxmk—l,xmk)+d(ank—1,xnk)}

2
(19)
Therefore from (17) we get

0 (d(fxmk,xnk)) < ¢(d(fxmk_1,xnk_1) + Bk),Vk € N.

<6 (d(fxmk_l,xnk_l) + AN(fxmk_l,xnk_l) (1 + M(fxmk_l,xnk_l)»,vk € N.
(20)
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Since lim N(f%my—1,%n,—1) = 0, from (20) and by continuity of 6, ¢ we get

lim 6 (d(f e X)) = lim @ (A(f X1, ¥n-1) + Bi) = p(€) > 1.

(21)
From (20), (21), (17) and property of ¢, we get 1 < limy_{(ty, sx) < 1, a contradiction, where t;, =
0(d(fXmy» *n,))

and s, = ¢ (d(fxmk_l, Xny-1) + AN(f X1, Xy -1) (1 + M(fxmy—1, xnk_l))).

Therefore {x,} is I-cauchy in X so that it I-converges to some point z of X (since X is I-complete).
Since T is I-continuous, hence {Tx,,} I-converges to Tz. Now {Tx,,} = {x,,+1} |-converges to z.
Therefore (fT)z = fz so that z is an I-fixed point of T.

If possible, let w be an I-fixed point of T in X such that z and w are I-distinct. Then d(fz,w) > 0,
(FTHw = fw.
Now 1 < ((H(d(fz, W)),¢> (d(fz, w) + AN(fz, w)(l + M(fz, W))))
< o(d(Fzw)+AN(Fzw)(1+M(Fzw)))
6(d(fzw))
(22), where N(fzw) = min{d(fz,Tw), d(fw, Tz), L2 E0T0Y

2
min{d(fz,w), d(fw,2), DD g,

M(fz,w) = max {d(fz Tw), d(fw, Tz), LE2AION
d(fz,z)+d(fw,w)

max {d(fz,w), d(fw, z), LEELEY = d(7,w),

Therefore from (22) we get 8(d(fz,w)) < ¢(d(fz,w)) < 8(d(fz,w)) (since ¢p(t) < 8(t),vt > 0),a
contradiction.

Therefore T has an I-unique I-fixed point in X.”

‘Corollary (3.7) Let (X,d) be a complete gm.s. and T : X — X. If T is a continuous Jg-L-contraction
map with respect to ¢ € L, then T has a unique fixed point in X.

Proof: Replacing the idempotent map f by the identity map Iy on X in Theorem(3.6) we shall get the
result.”

In Example(3.8) we shall show that Corollary(3.7) is a true extension of Theorem(2.15).

Example(3.8) Let X ={1,2,3,4,5} and d:X? — [0,%) is given by d(1,2) =d(1,4) =2, d(1,5) =
d(2,5) =d(3,5) =1,

d(1,3) =d(2,4) =d(2,3) =d(3,4) =d(45) =4, dxx)=0 for al xeX, d(xy) =
d(y,x),Vx,y € X.

Then (X, d) is a complete g.m.s. but not a metric space, as 4 = d(1,3) >2=1+1 =d(1,5) + d(5,3).
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3, x=1,2,3,4

2, x=05

Here T is not a generalized L-contraction because forx = 1,y = 5,d(Tx, Ty) = d(3,2) = 4 > 0, but for
(€L, 0€N 4, x=1y=5A4A=2, dix,y) +AN(x,y) =1+2=3<4=d(Tx,Ty) so that
B(d(x, y) + AN (x, y)) < 8(d(Tx,Ty)), since 8 is nondecreasing. This contradicts the property (£,) for
¢, in this case. Therefore Theorem(2.15) cannot be used here.

4, if x=5y#5o0or(x+57y=5
Now, d(Tx,Ty) :{0 F g Jor otheiwise)

LetT:X — X isgiven by Tx = {

Consider ¢ € L given by {(t,s) = g,vus >1,A=2. Take any 6,¢ € 02, ,, with ¢(t) = 6(t), vt >

0. Now Vx,y € X with d(Tx, Ty) > 0, it can be easily verified that

Je (d0xy) + 2N ) (1 + M(x, 7))
0(d(Tx, Ty))

¢(6(aCr 7)), ¢ (40 ) + AN G (1 + Mx, ) ) =

>1
Therefore by Corollary(3.7), T has a unique fixed point in X and x = 3 is that fixed point.

Note(3.9) Now on the basis of the concept of 1Jg-L-contraction, we shall introduce a new contraction of
a pair of self-map

of an I-g.m.s. and establish a common fixed point result of this pair of maps in 1-g.m.s. Then we shall get
the corresponding version of this common fixed point result in g.m.s. by means of a corollary.

Definition(3.10) Let (X, d, f) bean I-g.m.s.and S,T : X — X. Then S and T are said to be cooperatively
1J-L-contraction with respect to { € £ if there exists 6 € 2, ,, and a constant A > 0 such that for all
x,y € X,

d((fS)x, Ty) > 0 = {(0(d((fS)x, Ty)),0(d(fx,y) + AN(fx,y)(1 + M(fx,y)))) = 1, where
N(fx,y) = min {d(fx,Ty), d(fy, Sx), LAY, M(fx,y) =

max {d (fx,Ty),d(fy,Sx), au x’Sx):d(fy,Ty)}_

Replacing the idempotent map f by the identity map Iy on X we shall get the corresponding version of
this contraction in g.m.s., called cooperatively J-L-contraction with respect to ¢ € L.

“Theorem(3.11) Let (X, d, f) be an I-complete I-g.m.s.and S, T : X = X. If S,T are cooperatively 1J-£L-
contraction with respect to ¢ € £, then S and T have an I-unique common I-fixed point in X.

Proof: Firstly we shall show that if u be an I-fixed point of one of S and T, then u is an I-fixed point of
the other. Let u be

an I-fixed point of S so that (fS)u = fu. If possible, let u is not an I-fixed point of T. Then d(fu, Tu) =

d((fS)u, Tu) > 0. This implies that 1 < Z(H(d(fu, Tu)),@ (d(fu, u) + AN (fu, u)(l + M(fu, u))))
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= ¢(6(d(fu, Tw)),6(0)), since N(fu,u) = min {d(fu, Tu),d(fu, Su),d(fu'su)+d(fu'Tu)} =0.

2
Therefore 1 < C(G(d(fu, Tu)),H(O)) < % < 1, a contradiction. Therefore u is an I-fixed point
of T.

Similarly, we can show that if u be an I-fixed point of T, then w is an I-fixed point of S.

Let x, € X be arbitrary and x; = Tx,, x5 = Sxok_1, X241 = T'x3 Yk € N If fxy, = fxy,_4 fOr some
k € N, then x55_4

is an I-fixed point of S and hence x,,_, is an I-fixed point of T so that x,;_; is a common I-fixed point
of Sand T.

If fx,, = fxy,41 fOr some k > 0, then x,,, is an I-fixed point of T and hence x, is an I-fixed point of S
so that x, is a common I-fixed point of S and T.

Let fx, # fx,—1,Vn € N. Let u;, = d(fxy, Xx4+1), Vk € NU {0}. Then u,, > 0,Vk € N U {0}.

For k = 2q (q = 0), since S and T are cooperatively 1J-L-contraction, and since

we = d(fxy, X)) = A((FS)xy_1, Txi) > 0, we have

¢ (6 (A2, T20)). O Fri1,0) + AN, T (A + M(FS 1, Tx))) 2 1

where N((f$)-1,Txi.) = min {d (g1, T2, d(Fxy, Sxpy), SR TTTIO)

and M((fS)xk_l, Txk) = max {d (ka—ll Txk), d(ka, Sxk_l), d(ka_1,SXk_;)+d(ka,TXk)}.

= (H(d(ka, Xie+1)), 0(d(fxi-1, %) + AN(Fo, X 1) (1 + M (i, xk+1)))) =1,

. d(fxXk—1,XK)+d(f Xk,
where N(fxy, X41) = min {d(ka—lka+1):d(ka:xk)’ etk > ( xkxk+1)} =0

d(fxg—1.xK)+d )
and M((fs)xk—p Txk) = max {d(ka—l'xk+1):d(karxk), S b1 > U xkﬂ)}

= max {d (f Xpee1) Xies 1), d(ka—l.Xk);‘d(kavXk+1)}.

=1< ((e(d(ka,xk+1)), B(d(ka_l,xk))) < 98Ux120) - gy nroperty of ¢and since 8 € 212.4)-

g(d(ka:xkﬂ))
(1)
= H(d(ka,xk+1)) < H(d(ka_l,xk)),Vk € N.
)
= d(fxp, Xp41) < d(fxp-1,xx), Vk € N. (since @ is non- decreasing).
@)

Therefore {d(fxy, xx4+1)} is a decreasing sequence of nonnegative real numbers, so that it converges to
some real

number r = 0. Let 7 > 0. Since 6 € £y 5,4, hence lim 0(d(fxy, xxs1)) > 1.

4)
Now, lim 0(d(fxy, xp41)) = Lim 0(d(fxy—1, %)) = 0(r) > 1 (By (4), by continuity of 6)

(5)
From (1), (2), (5) and third property of ¢ ((L3) of definition of £-contraction), we have
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1< limp,o§ (Q(d(ka'xk+1)):B(d(ka—lka))) <1 (6), a
contradiction.
Therefore r = 0 so that Iéim d(fxy, xx+1) = 0.

()
Fork =2q + 1 (q = 0), since S and T are cooperatively 1J-L-contraction, and since
Ug = d(ka,xk+1) = d((fS)xk, Txk_l) > 0, we have

¢ (6 (A0 Tx-1) ) B(@(F s ) + ANC(FS )i T 1) (1 + MCCFS )i T 1)) 2 1

where N((fS)xx, Txj—1) = min {d(ka» Txyg—1), d(fXp—1,Sxx), d(ka'sxk)+d2(ka_1'Txk_1)}

and M((£8)xi, Txi—1) = max {d(Fx, Tx—y), d(f 2y, Sx,.), TS0 Mo Dok}

= ¢(8(d(f X1, 11)), 0(Af i Xie—1) + AN (f s, i) (1 + M (F X1, 1)) ) = 1,

Where N(ka+1, xk) — min {d(ka, xk): d(ka—p xk+1); d(ka;xk+1);'d(ka—1,9€k)} =0

A(f g Xp41)+A(fXp—1,
and M(ka+1,xk) = max {d(ka,xk), d(ka—1,xk+1). X Xk+1)HA(f Xk 1xk)}

2
d(ka»xk+1)+d(ka—1:xk)}
> )

= max {d(ka—p Xk+1))

= 1< ((H(d(ka:xkﬂ));H(d(ka—pxk))) <

CIETSED) (By property of {and since 6 € (2, , 4).

0(d(fxpXr+1))
(8)
= 0(d(fxy, xk11)) < 0(d(fxx_1,x;)),Vk € N.
(9)
= d(fxy, xx41) < d(fxr_q1,xx), Vk € N. (since 8 is nondecreasing).
(10)

Therefore {d(fx, xr+1)} is a decreasing sequence of nonnegative real numbers, so that it converges to
some

real number v > 0. Let 7 > 0. Since 6 € 0,4, hence lim 0(d(fxy, x41)) > 1.
(11)

Now, lim 0(d(fxp, Xp41)) = Lim 0(d(fxx_1, %)) = 6(r) > 1 (By (11), by continuity of ).
(12)

From (8), (9), (12) and third property of { ((£3) of definition of L-contraction), we have

1 <limyp_ (G(d(ka,xk+1)),H(d(ka_l,xk))) <1 (13),a
contradiction.
Therefore r = 0 so that Iéim d(fxy, Xk4+1) = 0.

(14)
Therefore, in any case, from (7) and (14) we have ’gim d(fxy, xXx+1) = 0.
(15)
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Now we shall show that {x, } is I-cauchy. If not, then
there exists e > 0 such that for every n € N, there exists two positive integers 2p,, + 1, 2q,, with 2p,, + 1
is the smallest positive integer for which 2p,, + 1 > 2q,, > n and d(fxzqn,xzan) > €.
(16)
Then d(fxzqn,xzpn+1_2i) <efor=1,2,.... , Pn-
(17)
Now € < d(fxzq,, Xap,+1) < d(fX2q, X2p,-1) + A(fX2p,—1, X2p,) + A(f22p, Xopye1)
< e+ d(fxap,-1.%2p,) + A(fXap, Xop,41 ) (BY (17)).
(18)
Taking limit as n — oo in (18) we get
e < lim d(fx2q, X2p,+1) < €. (BY (15)).
= ,él_ﬁlo d(fx2anx2pn+1) = €.
(19)
Again d(fx2q,, Xapy+1) < A(f22q, Xagu-1) + A(fXag,-1,%2p,) + A(fX2p, X2p, 1)
< d(fx2q, X2g,-1) + A(fX2g,-1,%2q,) + A(fX2g, Xap,r1) + A(fX2ppi1,X2p,) + A(FX2py X2p,e1)
= 2d(fx2q,-1,X2q,) + A(fX2q, X2p,+1) + 2d(fX2p, Xapys1)
Taking limitas n — co we get e < lim d(fx2q,-1,%2p, ) < € (BY (15)).
= ,{l_ff}o d(fx2,-1,X2p,) = €
(20)
Since S and T are cooperatively 1J-L-contraction with respect to ¢, and since
d(fxzqn,xzan) = d((fS)xzqn_l,szpn) > 0, we have

¢ (9 (d(fXan' xzpn+1)) ,0 (d(fXan—1,X2pn) + AN(fxzqn, xzpn+1) (1 + M(fxzqn, xzpn+1))>> =1,

i d(fx —1X )+d(fx X )
where N(fXZQn’ x2pn+1) = min {d(foQn_l’x2pn+1)’ d(foPn’xZCIn)' i 2 b thn }
A(fx2g,-1.%2q, ) +A(fX2p, % )
and M(foQn’xZPn"‘l) = max {d(foQn_l’x2pn+1)' d(foPn’xZCIn)' i 2 b thn }

(21)

= 1< C(Q (d(fxzqn,xzpn+1)) ,0 (d(fxzqn_l,xzpn) + AN(fxzqn,xzan) (1 +

M(fxzqn,xzpn+1)))>

6 (d(foQn_l’xZPn) + AN(foQn’ szn+1) (1 + M(foQn' x2pn+1))>

) 6 (d(foQn’xZPn"'l))
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=0 (d(fXanJXanH)) <0 (d(fXan—l»Xan) + AN(fX2q, X2p,+1) (1 + M(fXan'Xanﬂ)))
(22)

Let t, =0 (d(fxzqn,xzpn+1)), s, =0 (d(fxzqn_l,xzpn) + AN(fx2q,, %2p +1) (1 +

M(fXZQn'x2pn+1)))'
Then by (22) we have t,, < s,,,Vn € N.
Again taking limit as n — oo in (22) and using (15), (19), (20), and continuity of 8 we get
limt, = 0(e) = Lim sy, since lim d(fx2q,-1,%2q,) =0 = lim d(fx2p,, X2p. +1)(BY (15))
This implies that lim N(fx,q.,%2p,+1) = 0.

n—->oo

Therefore lim t,, = lim s,, = 8(e) > 1, since
n—-0oo

n—->oo
0 < e = limd(fxaq,, X2p,+1) = lim d(fxzq,-1,%2p,) (By (19), (20) and property of ).
n—-oo n—oo
Therefore 1 < lim,,,{(t,, s,) < 1, a contradiction.
Therefore {x,} is I-cauchy in X so that it I-converges to some point u of X (since X is I-complete).

We shall show that u is a common I-fixed point of S and T.
Now d(fxx, Tu) < d(fxp, X1) + d(fxpyr,w) + d(fu, Tu)
= léim d(fxy, Tu) < d(fu,Tu) (By (15) and Igim X = Uu).
(23)
Again d(fu, Tu) < d(fu, xx—1) + d(fxp_1, X)) + d(fxy, Tu)
= d(fu,Tu) < ;Eim d(fx,, Tu) (By (15)and ]gim X = U).
(24)
From (23) and (24) we get Igim d(fx,, Tu) = d(fu,Tu)
(25)
We claim that d(fu, Tu) = 0. Let d(fu, Tu) > 0.
Then from (25) we have lim 0(d(fxy, Tw) > 1,i.e.,0(d(fu, Tw)) > 1.

Since S and T are cooperatively 1J-£-contraction, and since d(fx,y, Tu) = d((fS)xzk_l, Tu) >0,

¢ (8(d(Fzic Tw)), O(A(Fzie—s, ) + AN(Fzio, Tu) (1 + M(fx 1 Tu))) ) = 1, where

N(fx,x, Tu) = min {d(fxzk_l, Tu), d(fu, X,1), d(fXZk_l'XZ;Hd(fu’Tu)} and

M(Bxzx, Tu) = max {d(feoi-1, Tw), d(fu, xg), T 222000 (26)

Now 1 < ((e(d(fXZk, Tu)), 0(d (i1, 1) + AN (g1 Tw) (1 + M(fz1 Tw))) )

e(d(fXZk_l'u)JrAN (fXZkau) (1+M(fX2k,Tu)))
0(d(fpTw)) (By property of {)

3158 http://www.webology.org



Webology (ISSN: 1735-188X)
Volume 18, Number 4, 2021

= 0(d(fxz, Tw)) < 6 (d(fxzk_l, u) + AN(fxp, Tu) (1 + M(fxp, Tu)))
(27)
Taking limit as k - oo in (27), using (15), (25), 1113)10 Xk = u and continuity of 6 we get
1 < 6(d(fu, Tu)) < 1, a contradiction, since lll_)rg d(fu,x,) = 0= &Lr?o N(fx,y, Tu) = 0.
Therefore d(fu, Tu) = 0 so that (fT)u = fu.

Therefore u is an I-fixed point of T in X. Hence u is an
I-fixed point of S in X also. Therefore u is a common I-fixed point of Sand T in X.

Let v be a common I-fixed point of S and T such that fv # fu.
Then d(fu,v) > 0, (fS)v = fv = (fT)y, G(d(fu, v)) > 1.
Since S and T are cooperatively 1J-L-contraction and d(fu,v) = d((fS)u, Tv) > 0, we have
¢(8(d(fu, v)), 8(d(fu, v) + AN(fu,v)(1 + M(fu,v)))) = 1
= 1< Z(G(d(fu, V)), 0 (d(fu, v) + AN(fu, v)(l + M(fu, V))))
0 (d(fu, v) + AN(fu, v)(l + M(fu, V)))
8(d(fu,v))
= B(d(fu, v)) <0 (d(fu, v) + AN(fu, V)(l + M(fu, v))), where
N(fu,v) = min {d(fu, v), d(fv, u),—d(fu'u);d(fv'v)}
M(fu,v) = max {d(fu, v), d(fv,u),
(28)

= 1 < 0(d(fu,v)) < 8(d(fu,v)), a contradiction.
Therefore fu = fv. Therefore S and T have I-unique common I-fixed point in X.

<

=0,

d(fuw)+d(fv,v)) _
S Y = d(fu,v).

Corollary(3.12) Let (X, d) be acompleteg.m.s.and S, T : X = X. If S, T are cooperatively J-L-contraction
with respect

to ¢ € £, then S and T have a unique common fixed point in X.

Proof: Replacing the idempotent map f by the identity map Ix on X in Theorem(3.10) we shall get the
result.

Conclusion
Further study may be continued to develop more results.
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